Abstract Primordial Black Holes (PBHs) are, typically light, black holes which can form in the early Universe. There are a number of formation mechanisms, including the collapse of large density perturbations, cosmic string loops and bubble collisions. The number of PBHs formed is tightly constrained by the consequences of their evaporation and their lensing and dynamical effects. Therefore PBHs are a powerful probe of the physics of the early Universe, in particular models of inflation. They are also a potential cold dark matter candidate.
Introduction
Primordial Black Holes (PBHs) are black holes which may form in the early Universe [139, 53] . There are various formation mechanisms: the collapse of large density fluctuations (Sec. 
PBHs with M PBH ∼ 10 15 g will be evaporating today and their abundance is constrained by the flux of γ-rays [103] (Sec. 3.1.4). Lighter PBHs evaporated in the past and are constrained by the effects of their evaporation products on Big Bang Nucleosynthesis [128, 140] (Sec. 3.1.3) and the present day density of any stable relic particles [88] (Sec. 3.1.2). Heavier PBHs are stable and their abundance is limited by their lensing (Sec. 3.2) and dynamical [32] (Sec. 3.3) effects and also their effects on various other astrophysical processes and objects (Sec. 3.4). Since PBHs are matter, the fraction of the total energy density in the form of PBHs increases proportional to the scale factor, a, during radiation domination. Therefore the constraints on the fraction of the initial energy density in the form of PBHs, β (M PBH ) = ρ PBH /ρ tot , are very tight, lying in the range 10 −5 − 10 −30 .
Cosmological inflation, a period of accelerated expansion in the early Universe, may have generated the primordial fluctuations from which galaxies and large scale structure form (see e.g. Ref. [86] ). The constraints on the initial fraction of the energy density in the form of PBHs can be translated into limits on the primordial power spectrum of density perturbations on small scales, and can therefore be used to constrain models of inflation [33] (Sec. 4).
Finally there is extensive astronomical and cosmological evidence that the majority of the matter in the universe is in the form of non-baryonic cold dark matter (CDM) (see e.g. Ref. [12] ). Since PBHs form before nucleosynthesis they are nonbaryonic and therefore a candidate for the CDM (Sec. 5).
PBH formation mechanisms
For a PBH to form a large over-density is required. In this section we discuss several ways of achieving this: large density fluctuations [30] 
Large density fluctuations
During radiation domination, if a density fluctuation is sufficiently large, then gravity overcomes pressure forces and the fluctuation collapses to form a PBH shortly after it enters the horizon [30] . We review the original calculations of this process in Sec. 2.1.1 and then discuss refinements in Sec. 2.1.2.
Original calculations
The early pioneering calculations by Carr and Hawking [30] assumed that the overdense region from which a PBH formed was spherically symmetric 1 and part of a closed Friedmann universe. In this case, for gravity to overcome pressure at maximum expansion the region must be larger than the Jeans length, which is √ w times the horizon length (w is the equation of state parameter, p = wρ, and w = 1/3 for radiation domination). This leads to a requirement that the density contrast, δ ≡ δ ρ/ρ, at horizon crossing must exceed a critical value δ c ≈ w. It was thought at this time that if the fluctuation was larger than the horizon length, which corresponds to δ > 1, then it would instead form a separate closed universe.
The PBHs formed would have mass of order the horizon mass, M H , at the time they form: M PBH = w 3/2 M H [26] . If the fluctuations are scale invariant, so that PBHs form on all scales, then the PBHs will have an extended mass function [26] :
PBH . However, as we will see in Sec. 4.1, it is now known that for a scale-invariant power spectrum, normalised to observations on cosmological scales, the number of PBHs formed is completely negligible [31] .
The criteria for PBH formation in a matter dominated universe with w = 0 are somewhat different. In this case, because the pressure is zero, it is possible for PBHs to form well within the horizon. However for this to happen the perturbation must be sufficiently spherically symmetric [72, 107] .
Refinements
Early numerical simulations of PBH formation [97] roughly confirmed the earlier analytic calculations [30, 26] . More recently it has been realised that, as a consequence of near critical gravitational collapse [37] , the PBH mass depends on the size of the fluctuation from which it formed [100, 101] :
where γ and κ are constants of order unity which depend on the shape of the perturbation and the background equation of state [100, 101, 95] . This power law scaling of the PBH mass has been found to hold down to (δ − δ c ) ∼ 10 −10 [96, 94] . Note, however, that the majority of the PBHs formed have masses within an order of magnitude or so of M H [101] . For scale-dependent power spectra which produce an interesting PBH abundance it can be assumed that all PBHs form at a single epoch [48] . For a power spectrum which increases monotonically with decreasing scale, PBH formation occurs at the smallest scale, while if the power spectrum has a feature, PBH formation occurs on the scale on which the perturbations are largest. The spread in the mass function due to critical collapse can have an important effect on the constraints on the PBH abundance which are sensitive to the PBH mass function, for instance the constraint from the flux of gamma-rays [137, 75] .
There has been a lot of interest in the exact value of the threshold for PBH formation, δ c , since, as we will see in Sec. 4.1, the number of PBHs formed depends exponentially on δ c . Ref. [124] found that the peak value of the metric perturbation was a good indicator of PBH formation, and Ref.
[50] found, using peaks theory, that the threshold values from Ref. [124] were equivalent to density thresholds in the range δ c ≈ 0.3 − 0.5. Ref. [94] , which used appropriate initial conditions (superhorizon perturbations which only contain a growing mode) for their simulations, found for radiation domination δ c ≈ 0.45. This is in good agreement with recent analytic calculations, once gauge issues are taken into account [52] .
Whether or not a fluctuation collapses to form a PBH depends on its shape as well as its amplitude [108, 109] . Ref. [98] explored fluctuations with a range of shapes and found that the key parameters are the average value of the central overdensity and the width of the overdensity (for broad overdensities the threshold average density is reduced).
There has also been development regarding the fate of perturbations with δ ∼ 1. Ref. [79] showed that they do not form a separate closed universe, and the upper limit was in fact a consequence of the gauge choice.
Cosmic string loops
Cosmic string are one-dimensional topological defects which may form during phase transitions in the very early Universe (see e.g. Ref. [131] ). As a cosmic string network evolves, long strings self-intersect and form cosmic string loops. There is a small probability that an oscillating cosmic string loop will be in a configuration where all of its dimensions are less than its Schwarzschild radius, and hence it will collapse to form a PBH with mass roughly equal to the horizon mass [55, 106, 44, 22, 133] . The number of PBHs formed depends on the mass per unit length of the strings, µ, which is related to the symmetry breaking scale. Cosmic string loops can collapse to form PBHs at any point during radiation domination, therefore the resulting PBHs have an extended mass function dn/dM PBH ∝ M −5/2
PBH .
The constraints on the number of PBHs formed (from the gamma-rays and cosmicrays produced when they evaporate, see Sec. 3.1) place a limit on the cosmic string mass per unit length Gµ/c 2 < 10 −6 [133] , comparable to the constraints from the effect of strings on the Cosmic Microwave Background radiation [2] .
Bubble collisions
First order phase transitions occur through the formation of bubbles of the new phase, which then expand and collide. PBHs, with mass of order the horizon mass, can form as a result of these bubble collisions [38, 56, 80] . However forming a cosmologically interesting abundance of PBHs requires fine tuning of the bubble formation rate, so that the bubbles collide but the phase transition doesn't occur instantaneously.
PBH abundance constraints
PBH abundance constraints are usually quoted in terms of the fraction of the energy density in the form of PBHs at the time they form
The PBH density evolves as ρ PBH ∝ a −3 , where a is the scale factor, while the radiation density varies as ρ rad ∝ a −4 . Therefore during radiation domination the fraction of the total energy density which is in the form of PBHs grows proportional to a. So even if the fraction of the energy density of the Universe in PBHs is initially small it can grow to be significant at late times. The lensing (Sec. 3.2) and dynamical (Sec. 3.3) constraints limit the fraction of the Milky Way (MW) halo in the form of compact objects, f (M CO ). Assuming the density of other compact object is negligible and the MW's DM composition is the same as the Universe as a whole (which is a reasonable assumption) then f (M CO ) = Ω PBH /Ω CDM , where Ω PBH and Ω CDM are the fraction of the critical density (for which the geometry of the Universe is flat) in the form of PBHs and CDM respectively. It is related to the initial PBH mass fraction, β (M PBH ), via (see e.g. Ref. [34] for a more accurate expression)
Most of the constraints that we discuss below effectively apply to the integral of the PBH mass function over the range of applicability. This range is usually significantly larger than the expected width of the PBH mass function (see Sec. 2.1), and therefore the constraints are not sensitive to the precise form of the mass function. However the constraints from cosmic-rays and gamma-rays produced by recently and currently evaporating PBHs are an exception to this (see e.g. Ref. [137, 75] ).
For conciseness we only give order of magnitude values of the constraints and their range of validity, see Ref. [34] for the precise mass dependence of the constraints on the halo fraction in compact objects, f (M CO ), and the initial mass fraction of PBHs, β (M PBH ).
Evaporation
The current picture of PBH evaporation [89] is that they directly emit all particles which appear elementary at the energy scale of the PBH and have rest mass less than the black hole temperature. Therefore if the black hole temperature exceeds the QCD confinement scale, quark and gluon jets are emitted directly. The quark and gluon jets then fragment and decay producing astrophysically stable particles: photons, neutrinos, electrons, protons and their anti-particles. It has been argued that QED or QCD interactions could lead to the formation of an optically thick photosphere [57, 58] , however the emitted particles do not interact enough for this to occur [91] .
There are also limits from photons distorting the spectrum of the Cosmic Microwave Background radiation [140, 34] , the Super-Kamionkande limit on the flux of relic anti-neutrinos [34] and extragalactic anti-protons [34] . However these constraints are weaker than the nucleosynthesis and extragalactic gamma-ray background constraints [34] , so we do not discuss them in detail here.
See Ref. [34] for detailed discussion of the evaporation constraints.
Entropy
The photons emitted by PBHs with M PBH < 10 9 g will thermalize and contribute to the baryon to photon ratio. The requirement that this ratio must not exceed the observed value of ∼ 10 9 leads to a relatively weak constraint,
.
Relic particles
It has been argued that black hole evaporation could leave a stable Planck mass relic [88] , in which case the present day density of relics must not exceed the upper limit on the present day CDM density. This leads to a constraint of order β (M PBH ) < (M PBH /10 15 g) 3/2 for M PBH < 10 15 g. In many extensions of the standard model there are stable or long lived massive (O(100 GeV/c 2 )) particles. PBHs with mass M PBH < 10 11 g can emit these particles and their abundance is consequently limited to be, roughly, β (M PBH ) < 10 −18 (M PBH /10 11 g) −1/2 by the present day abundance of stable massive particles [46] and the decay of long-lived particles [83, 73] .
The limits from Planck mass relics and (quasi-) stable massive particles are weaker than those from nucleosynthesis, and also depend on the uncertain details of beyond the standard model physics. However they are the only potential constraints on PBHs with M PBH < 10 6 g and significantly tighter than the entropy constraints for 10 6 g < M PBH < 10 9 g.
Nucleosynthesis
Extensive work on the effects of PBH evaporation on the products of Big Bang nuclesynthesis was carried out in the late 1970s [140, 128, 93, 129, 99, 84] . Carr et al. [34] , using the results of Refs. [77, 70] , have updated the resulting constraints on the abundance of PBHs, taking into account the latest observational data on the abundances of the light elements and the neutron lifetime, and developments in the understanding of PBH evaporation [89] .
PBHs with mass in the range 10 9 g < M PBH < 10 10 g have lifetime τ = 10 −2 − 10 −3 s and the mesons and anti-nucleons they emit would increase the neutron/proton ratio and hence the abundance of 4 He. This leads to a constraint which is very roughly β < 10 −20 (M PBH /10 10 g) −2 [34] . For masses in the range 10 10 g < M PBH < 10 12 g the lifetime is between 10 −2 s and 10 2 s and the high-energy hadrons produced dissociate the light elements, reducing the abundance of 4 He and increasing the abundance of the other elements. The tightest constraints are from deuterium for 10 10 g < M PBH < 5 × 10 10 g and from non-thermally produced 6 Li for 5 × 10 10 g < M PBH < 10 12 g. For both mass ranges the constraint is, roughly, β (M PBH ) < 10 −23 [34] . Finally, for 10 12 g < M PBH < 10 13 g the lifetime is τ = 10 7 − 10 12 s and photodissociation is instead important. The most stringent constraint, which is again of order β (M PBH ) < 10 −23 , comes from overproduction of 3 He or deuterium [34] . For further information, including the detailed mass dependence of the constraints see Ref. [34] .
γ-rays
PBHs with masses in the range 10 13 g < M PBH < 10 15 g will have evaporated between z ∼ 1000 and the present day and can contribute to the diffuse extragalactic gamma-ray background [103, 27, 90] . Their abundance is limited by EGRET data to be roughly β (M PBH ) < 10 −27 (M PBH /10 15 g) −5/2 [34] . Slightly more massive PBHs, that have not evaporated completely by the present day, can also emit a significant flux of gamma-rays, and their abundance is limited to be roughly β (M PBH ) < 10 −26 (M/10 15 g) 7/2 [34] . There is also a similar limit on PBHs with M PBH ∼ 10 15 g that are evaporating today from Galactic gamma-rays [34] .
The detailed values of these constraints, in particular those for M PBH > 10 15 g, depend on the exact shape of the PBH mass function [137, 75] . However the values stated are somewhat conservative as known astrophysical backgrounds have not been subtracted [34] .
For PBHs with 10 15 g < M PBH < 10 17 g the gamma-ray constraints constrain the fraction of the DM in the form of PBHs to be less than one. In other words, PBHs in this mass range can not make up all of the DM.
Lensing
If there is a cosmologically significant density of compact objects (COs) then there is a high probability that a distant point source is lensed [110] . For hundred solar mass and lighter lenses the image separation is too small for multiple images to be observed, however other observable effects can occur.
Gamma-ray burst femtolensing
For 10 17 g < M CO < 10 20 g the image separation is of order femto arc-seconds. However the time delay between images, 10 −17 − 10 −20 s, is approximately equal to the period of a gamma-ray. COs of this mass could therefore be detected by the interference pattern in the energy spectrum of a gamma-ray burst [45] . Analysis of data from the Gamma-ray Burst Monitor onboard the Fermi satellite finds that for 10 17 g < M CO < 10 20 g, f (M CO ) < 1 [10] .
Galactic microlensing
Microlensing occurs when a CO with mass in the range 10 24 g < M CO < 10 34 g crosses the line of sight to a star. The image separation is too small (of order micro arc-seconds) for multiple images to be resolved, and the lensing leads to a temporary amplification of the star's flux [102] . The EROS and MACHO surveys of the Large and Small Magellanic Clouds found that for 10 26 g < M CO < 10 34 g, f (M CO ) < 1, with tighter limits within this mass range [7, 127] . Recently the lower limit of the excluded mass range has been lowered to 4 × 10 24 g using Kepler data [51].
Quasar microlensing
COs with 10 30 g < M CO < 10 35 g can microlens quasars, amplifying the continuum emission, without affecting the line emission [23] and limits on the number of small equivalent width quasars place a constraint on COs in this mass range f (M CO ) < 1 [39].
Radio source millilensing
Massive COs with 10 39 g < M CO < 10 41 g can millilens radio sources, producing multiple images which can be resolved with Very Long Baseline Interferometry [68] . A null search limits COs in this mass range to make up less than 1% of the total energy density of the Universe [134] .
Dynamical effects
The abundance of massive COs in the MW halo is constrained by their dynamical effects on the constituents of the MW. These constraints have been studied in detail by Carr and Sakellariadou [32] . Here we briefly summarise the constraints which place the tightest limits on the halo fraction in COs. There is also a constraint from the tidal disruption of globular clusters (GCs) [32] , however this depends sensitively on the mass and radius of the GCs and is weaker than those from dynamical fiction and disk heating [34] so we do not discuss it in detail.
Disruption of wide binaries
Encounters with massive COs can disrupt [8] or change the orbital parameters [132] of wide binary stars. Observations of wide binaries [35, 112] constrain the halo mass fraction to be f (M CO ) < 0.4 for 10 36 g < M CO < 10 41 g [112, 34] .
Dynamical friction
COs will be dragged into the centre of the MW by the dynamical friction of spheroid stars and the population of COs themselves. Constraints on the central mass of the MW limit the halo fraction in COs with 10 37 g < M CO < 10 45 g. The limit is tightest, f (M CO ) < 5 × 10 −5 , at M CO ∼ 10 41 g [32, 34] .
Disk heating
Massive COs traversing the Galactic disk will heat the disk, increasing the velocity dispersion of the disk stars [81] . This leads to a limit, from the observed stellar velocity dispersions, on the halo fraction in COs with 10 40 g < M PBH < 10 45 g which is tightest, f (M) < 10 −3 , at M ∼ 10 43 g [32, 34] .
Other astrophysical objects and processes
There are also constraints on PBHs with M PBH > 10 15 g from their effects on various astrophysical objects and processes.
Stars
If a PBH is captured by a neutron star the star will be accreted and destroyed in a short time [25] . The existence of neutron stars in globular clusters (GCs) excludes PBHs with 10 18 g < M PBH < 10 24 g comprising all of the DM, if the DM density in GCs is larger than ∼ 100 GeVcm −3 [25] . Similarly accretion of PBHs during star formation could exclude PBH DM in the range 10 16 g < M PBH < 10 22 g [24] . Note, however, that a high DM density in GC is only expected if (a subset of) GCs are formed in DM mini halos rather than from baryonic processes and there is no direct observational evidence for a large DM density in GCs (see e.g. Ref. [17] ). Recently Ref. [104] has argued that the existence of old neutron stars in the centres of the MW and Large Magellanic Cloud excludes PBHs in the range 10 17 g < M PBH < 10 24 g comprising all of the DM.
Gravitational waves
For PBHs formed from the collapse of large density perturbations there is an indirect limit on their abundance from gravitational waves. Large density perturbations generate second order tensor perturbations and therefore limits on their amplitude constrain the amplitude of the density perturbations and hence the abundance of PBHs formed. Pulsar timing constraints place a tight limit on the present day density parameter of PBHs with 10 35 g < M PBH < 10 37 g: Ω PBH h 2 ≤ 10 −5 (where h ≈ 0.7 is the dimensionless Hubble constant) [116] .
Cosmic Microwave Background radiation
After decoupling massive PBHs can accrete material and the subsequent radiation can affect the thermal history of the Universe [28] . X-rays emitted by gas accreted onto PBHs modify the cosmic recombination history, producing measurable effects on the spectrum and anisotropies in the Cosmic Microwave Background radiation, which have been constrained using the FIRAS and WMAP data [115] . The precise limits depend on the accretion model, but are of order f (M PBH ) < 10 −2 for 10 34 g < M PBH < 10 36 g and f (M PBH ) < 10 −5 for 10 36 g < M PBH < 10 42 g, with weaker constraints outside these mass ranges [115] .
Large scale structure
Massive PBHs would affect large scale structure formation due to the Poisson fluctuations in their number density which enhance the DM power spectrum [92] . Lymanalpha forest observations constrain the fraction of the DM in PBHs with 10 37 g < M PBH < 10 43 g [3, 34] . The limit is tightest, f (M PBH ) < 10 −3 , at M ∼ 10 40 g [34] .
Constraints on the primordial power spectrum and inflation
Cosmological inflation is a period of accelerated expansion proposed to have occurred in the very early Universe in order to solve various problems with the standard Hot Big Bang (namely the horizon, flatness and monopole problems). Accelerated expansion requires negative pressure, a requirement which is satisfied by a slowly-rolling scalar field. Inflation also provides a mechanism for the generation of the primordial fluctuations from which galaxies and large scale structure later form. During inflation the wavelengths of quantum fluctuations in the inflaton field become larger than the Hubble radius and a spectrum of super-Horizon curvature perturbations are generated. After inflation the fluctuations re-enter the horizon and potentially provide the seeds for structure formation. For an overview see e.g. Ref. [86] .
The amplitude and scale dependence of the primordial fluctuations depend on the inflaton potential. Therefore observational constraints on the power spectrum of the primordial curvature perturbation
where R k are the Fourier modes of the curvature perturbation and k is comoving wavenumber, constrain models of inflation. The power spectrum on cosmological scales, k ∼ 10 −3 − 1 Mpc −1 , is accurately measured by Cosmic Microwave Background [59, 1] and large scale structure observations [13] , and some inflation models are now ruled out [1] .
Cosmological observations probe a fairly limited region of the inflaton potential. As we will see in this section, the PBH constraints on the power spectrum are fairly weak (many order of magnitude larger than the measurements on cosmological scales). However they apply over a very wide range of scales, k ∼ 10 −2 − 10 23 Mpc −1 , and therefore constrain a much broader region of the inflaton potential [31] , and eliminate or constrain otherwise viable models [105, 64] .
Translating limits on the PBH abundance into constraints on the primordial power spectrum
As we saw in Sec. 2.1 a fluctuation on a physical scale R will collapse to form a PBH, with mass M PBH roughly equal to the horizon mass, if the smoothed density contrast at horizon entry, δ hor (R), exceeds a threshold value δ c which is slightly less than unity 2 . Assuming the initial perturbations have a Gaussian distribution then the probability distribution of the smoothed density contrast is given by (e.g. Ref. [86] ):
where σ hor (R) is the mass variance evaluated when the scale of interest enters the horizon. The mass variance is defined as
while P δ (k,t) is the power spectrum of the (unsmoothed) density contrast
andW (kR) is the Fourier transform of the window function used to smooth the density contrast. See appendix B of Ref. [16] for the detailed calculation of the relationship between the primordial power spectrum of the curvature perturbation and the mass variance at horizon crossing. The initial PBH mass fraction is equal to the fraction of the energy density of the Universe contained in regions dense enough to form PBHs which is given, as in Press-Schechter theory [111] , by
where the right hand side is usually multiplied by a factor of 2, so that all of the mass in the Universe is accounted for. The PBH initial mass fraction is then related to the mass variance by
Note that if the power spectrum of the density perturbations were exactly scale invariant (so that σ hor is independent of R) then the abundance of PBHs would be completely negligible, β (M PBH ) ∼ exp(−10 8 ), since on cosmological scales the mass variance is measured to be of order 10 −5 [31] . The limits on the PBH abundance, β (M PBH ), can be translated into constraints on the power spectrum of the primordial curvature perturbation by first inverting eq. (11) to find the limits on the mass variance at horizon crossing, σ hor (R). Since the mass variance is given by an integral over the primordial power spectrum, it depends not just on the amplitude of the power spectrum on a single scale, but also its shape on neighbouring scales. In practice, however, if the power spectrum is featureless then it is a good approximation to parameterize it locally as a power-law and the constraints depend only weakly (at the per-cent level) on the slope of the powerlaw [66, 16] . The constraints on the initial abundance of PBHs, which lie in the range β (M PBH ) < 10 −30 − 10 −5 , translate into constraints on the amplitude of the power spectrum of the primordial curvature perturbation in the range P R < 10 −2 − 10 −1 [18, 66] . See Fig. 2 of Ref. [66] for a plot of the detailed scale dependence of the constraints on the power spectrum.
The standard calculation as described above assumes that the probability distribution function (pdf) of the perturbations is gaussian. Since PBHs form from the extremely rare large fluctuations in the tail of the distribution, non-gaussianity can have a significant effect on the abundance of PBHs formed [20, 60] . Refs. [21, 138] jointly constrained the amplitude of the fluctuations and the local non-gaussianity parameters, ( f nl , g nl , etc.) while Ref. [123] constrained the amplitude for two different physically motivated ansatzes for the scaling of the dimensionless moments of the density contrast. For some specific models (e.g. the curvaton where the primordial fluctuations arise from fluctuations of a second light scalar field which is subdominant during inflation [85] ) the full non-gaussian pdf is known and can be taken into account directly (e.g. Refs. [138, 19] ).
Gamma-ray emission from Ultra Compact Mini Halos [114, 120] (small dark matter halos which form at z ∼ 1000 from smaller over-densities, with initial amplitude δ ∼ 10 −3 ) leads to tighter constraints on the primordial power spectrum than PBHs on scales k ∼ 1 − 10 8 Mpc −1 [65, 16] . However these constraints rely on the assumption that the dark matter is in the form of self-annihilating Weakly Interacting Massive Particles.
Constraints on inflation models
The amplitude of the primordial power spectrum on cosmological scales is measured to be P R (k ≈ 10 −3 Mpc −1 ) ≈ 10 −10 [59, 1, 13] while the PBH limits are of order P R < 10 −2 − 10 −1 on scales k ∼ 10 −2 − 10 23 Mpc −1 . Therefore the PBH limits only constrain models in which the amplitude of the fluctuations is larger on small (physical) scales than on large scales (this is sometimes referred to as a 'blue' spectrum).
In the mid-1990s it was found that for a power-law power spectrum, P R ∝ k n s −1 , where n s is the spectral index, PBHs placed a constraint on the spectral index n s < 1.25 − 1.30 [31, 74, 47] . This was tighter than the CMB constraints at that time, however the spectral index is now accurately measured to be n s = 0.9603 ± 0.0073 on cosmological scales [1] . Therefore if the power spectrum were a pure power law on all scales, then the number of PBHs formed would be completely negligible. However only very specific inflation potentials produce a constant spectral index (e.g. Ref. [130] ). Generically the power spectrum will deviate from a pure power law and, given the extremely wide range of scales probed by PBHs, it is possible for the amplitude of the perturbation to grow sufficiently with increasing wavenumber that PBHs could be produced in cosmologically interesting numbers.
Refs. [105, 64] used the flow equations for the evolution of the Hubble slowroll parameters [76] to generate a large ensemble of inflation models. They found that a significant fraction of the models generated (in which inflation is terminated by an auxiliary field) are compatible with all cosmological observations, but have perturbations on small scales which are sufficiently large to overproduce PBHs, and are hence excluded.
There are also specific inflation models that are constrained by PBH overproduction. In the running-mass inflation model the false vacuum dominated potential which arises in softly-broken global supersymmetry is flattened (so that slowroll inflation, producing a close to scale-invariant power spectrum, can occur on cosmological scales) by quantum corrections [125, 126] . However this can only happen over a limited range of scales, and over a large part of the parameter space the power spectrum grows significantly with decreasing scale and PBHs are overproduced [82, 78, 41] . The power spectrum is also larger on small scales, potentially leading to PBH over-production [78] , in hill top inflation models [15] , where the potential flattens towards the end of inflation. In this case PBH constraints also exclude otherwise viable regions of parameter space [4] . As we will discuss in Sec. 5, PBHs can also be produced in interesting numbers in double or multiple-field inflation models, where the primordial perturbation spectrum has a spike on a particular scale.
In many inflation models the reheating process at the end of inflation starts with a period of parametric resonance known as preheating (see e.g. Ref. [86] for an overview). During preheating the amplification of field fluctuations can lead to the generation of large curvature perturbations and avoiding the over-production of PBHs constrains the couplings of the inflaton field [49, 11].
PBHs as dark matter
Assuming general relativity is correct, there is extensive astronomical and cosmological evidence that the majority of the matter in the universe is in the form of non-baryonic cold dark matter (CDM). Since the CDM is non-baryonic, most candidates are new fundamental particles, for instance Weakly Interacting Massive Particles or axions. see e.g. Ref. [12] . As PBHs form before nucleosynthesis they are non-baryonic. Therefore PBHs with M PBH > 10 15 g, that have lifetime longer than the age of the Universe, are a potential CDM candidate. As we saw in Sec. 3 gammaray, lensing and dynamical constraints rule out PBHs with 10 15 g < M PBH < 10 20 g or M PBH > 10 25 g making up all of the dark matter. However this leaves a mass window (10 20 g < M PBH < 10 25 g) where PBHs can make up all of the CDM (see however Ref. [104] ). Unlike other CDM candidates, PBH are not a new fundamental particle. However, as we saw in Sec. 2, producing the large over-densities required for PBHs to form does require particle physics beyond the standard model.
Interest in PBHs as a DM candidate peaked in the late 1990s and early 2000s, due to the results at that time of microlensing searches towards the Large Magellanic Cloud. In their first two years of data the MACHO collaboration found 8 events, significantly more than expected due to known stellar populations, and consistent with compact objects with M CO ∼ 0.5M ⊙ ≈ 10 33 g making up roughly half of the mass of the MW halo [5] . With subsequent analysis of 5.7 years of data the best fit halo fraction dropped to ∼ 20% [6] . Limits from star counts [36] and chemical abundance constraints [42] rule-out baryonic objects, such as faint stars or white dwarves, comprising such a large fraction of the halo, and hence PBHs were an attractive MACHO candidate.
PBHs with M PBH ∼ M ⊙ would be formed at t ∼ 10 −6 s, around the time of the QCD phase transition. If the QCD phase transition is first order the reduced pressure forces would lead to PBHs forming more easily at this epoch, however the amplitude of the primordial perturbations would still need to be significantly larger than on cosmological scales for an interesting number of PBHs to form [62, 119, 63] . In other words, a feature in the primordial power spectrum is required. Such a feature can be produced in various ways. Ref.
[61] used a plateau in the inflation potential, while Ref. [135] used multiple scalar fields to generate isocurvature perturbations and hence imprint a feature at a particular scale. In double inflation models, with either a single [136] or multiple scalar fields [113, 43, 69] , there are two periods of inflation and the perturbations on small scales, which are produced during the second period of inflation, can be significantly larger than those on cosmological scales.
As discussed in Sec. 3.2.2, more recent microlensing results indicate that compact objects in the range 10 25 g < M CO < 10 34 g can not make up all of the DM in the MW halo [127, 51] . Lens in the Magellanic clouds and variable stars are now thought to account for some of the events found by the MACHO collaboration [127] . Interest in solar mass PBHs as a CDM candidate has therefore waned, however many of the models constructed to produce solar mass PBHs could, with different parameter values, also produce PBHs in the remaining allowed mass window (e.g. Refs. [67, 118] for the case of double inflation). Another possibility for producing PBH DM is an inflaton potential with a step in its first derivative [14] .
Ultimately the possibility of PBH CDM should be tested observationally. The constraints on PBHs with M PBH ≈ 10 25−26 g come from a microlensing search using Kepler data [51] . Future data, from Kepler and WFIRST, will be sensitive to PBHs down to M PBH ≈ 10 24 g [51]. Future space-based gravitational wave detectors will be able to indirectly constrain PBH DM produced from the collapse of large density perturbations in the mass range 10 20 g < M PBH < 10 26 g (as discussed in Sec. 3.4.2) [117] . Future gravitational wave detectors could also detect PBHs with 10 17 g < M PBH < 10 20 g directly as they passes through the Solar System [121] , while PBHs with M PBH ∼ 10 25 g could be detected via pulsar timing using the Square Kilometer Array [122] . Finally the oscillations produced when a PBH with M PBH > 10 21 g passes through a nearby star could be detected by the proposed Stellar Imager [71] .
Summary
In Sec. 2 we reviewed the mechanisms via which PBHs can form, namely the collapse of large density fluctuations (Sec. 2.1), cosmic string loops (Sec. 2.2) or bubble collisions (Sec. 2.3). We concentrated mainly on the collapse of large density perturbations. After a review of the original pioneering calculations (Sec. 2.1.1) we described more recent developments (Sec.2.1.2), including the implications of critical collapse for the PBH mass function and determinations of the value of the threshold for PBH formation and its dependence on the shape of the density fluctuations.
We then looked at the observational constraints on the abundance of PBHs from the consequences of their evaporation products (Sec. 3.1), their lensing (Sec. 3.2) and dynamical effects (Sec. 3.3) and their effects on other astrophysical objects and processes (Sec. 3.4). The resulting limits on the fraction of the density of the Universe in the form of PBHs at the time they form, β (M PBH ), depend on the PBH mass, M PBH , and lie in the range 10 −5 to 10 −30 .
In Sec. 4.1 we explored how the PBH abundance constraints can be translated into limits on the primordial power spectrum, and how these limits can be used to constrain models of inflation (Sec. 4.2). Avoiding PBH over-production constrains the parameter space of otherwise viable inflation models.
Finally we discussed PBHs as a cold dark matter candidate (Sec. 5). PBHs with mass in the range 10 20 g < M PBH < 10 25 g are a viable CDM candidate. To produce an interesting number of PBHs in this mass window requires a feature in the primordial power spectrum, and several inflation models have been constructed which achieve this. Various upcoming experiments/observations will be able to detect, or constrain, PBH DM. 
